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Abstract
A completely quantum description of Raman process is used to investigate the nonclassical properties of the modes
in the stimulated, spontaneous and partially spontaneous Raman process. Both coherent scattering (where all the
initial modes are coherent) and chaotic scattering (where initial phonon mode is chaotic and all the other modes are
coherent) are studied. Nonclassical character of Raman process is observed by means of intermodal entanglement,
single mode and intermodal squeezing of vacuum fluctuations, sub-shot noise and wave variances. Joint photon-phonon
number and integrated-intensity distributions are then used to illustrate the observed nonclassicalities. Conditional and
difference number distributions are also provided to illustrate the nonclassical character. The mutual relation between
the obtained nonclassicalities and their variations dependent on phases, rescalled time and ratio of coupling constants
are also reported.
Keywords: Raman scattering, nonclassicality, quasidistribution.
1 Introduction
Quantum statistics of Raman scattering were discussed from various points of view in a number of papers (see [1, 2]
and references therein, Section 10.4 of [3] and [4] for reviews). In this paper we describe the Raman scattering process
with a completely quantum mechanical Hamiltonian. The model is capable to include the stimulated, spontaneous and
partially spontaneous Raman process. We use the second order short-time approximation for solution of the Heisenberg
equation of motion corresponding to this Hamiltonian. The solution is then used to relate the nonclassical properties
of photons and phonons in these processes (i.e. stimulated, spontaneous and partially spontaneous Raman process). To
be precise, nonclassical characteristics of photon and phonon modes generated in these processes are exhibited through
a number of properties, including squeezing of vacuum fluctuations, quantum entanglement of modes, sub-shot noise
and wave variances. Further, joint photon-phonon number, integrated-intensity distributions, conditional and difference
number distributions are also found useful to illustrate the observed nonclassicalities.
Remaining part of the paper is arranged as follows. In Section 2 we briefly describe the fully quantum Hamiltonian
of Raman process and several criteria of nonclassicalities that are used in the present study. In Section 2 we have briefly
described the model Hamiltonian that provides a completely quantum description of the Raman scattering process and
also describe a normal-ordered characteristic function in the Gaussian form for the same system. Criteria for testing of
nonclassicalities are also introduced. In Section 3 we investigate nonclassical character of Raman process for coherent
scattering by means of intermodal entanglement, single mode and intermodal squeezing of vacuum fluctuations, sub-shot
noise and wave variances. In Section 4 the same nonclassical characteristics are investigated for the chaotic scattering. The
observed nonclassicalities are further illustrated through joint photon-phonon number and wave distribution in Section
5. In Section 6 we study difference and conditional number distributions associated with the Raman process. Finally,
Section 7 is dedicated to conclusion.
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2 The model Hamiltonian and the criteria of nonclassicality
A fully quantum description of the Raman scattering process can be provided by the following Hamiltonian [1, 5]:
H =
∑
j=L,S,A,V
~ωja†jaj −
(
~gaLa†Sa
†
V + ~χ
∗aLaV a
†
A + h.c.
)
, (1)
where h.c. stands for Hermitian conjugate and the subscripts L, S,A and V correspond to pump (laser), Stokes, anti-Stokes
and vibration (phonon) modes respectively, ωj , aj and a
†
j are frequency, annihilation operator and creation operator in
the j th mode, g and χ are the Stokes and anti-Stokes coupling constants. Using the Hamiltonian (1) we can construct
a set of Heisenberg equations and solve them in short-time approximation. A second order short-time approximated
solution was already reported [3]. It is interesting to note that using the short-time approximated solution, we can obtain
a normal-ordered characteristic function in the Gaussian form. Such a characteristic function can completely characterize
the Raman process, and it can be analytically expressed as [3]
CN (βL, βS , βA, βV , t) =
〈
exp
{∑
j=L,S,A,V
[−Bj(t)|βj |2
+
(
1
2C
∗
j (t)β
2
j + c.c.
)
+ βjξ
∗
j (t)− β∗j ξj(t)
]
+
+
∑
j<k
(
Djk(t)β
∗
j β
∗
k + D¯jk(t)βjβ
∗
k + c.c.
)}〉
,
(2)
where c.c. stands for complex conjugate terms, the set (L, S, A, V ) is assumed to be ordered and
BL(t) = |χ|2t2|ξA|2,
BS(t) = |g|2t2|ξL|2,
BA(t) = 0,
BV (t) = |g|2t2|ξL|2 + |χ|2t2|ξA|2,
CL(t) = −g∗χt2ξSξA exp(−2iωLt),
CS(t) = 0,
CA(t) = 0,
CV (t) = −gχt2ξ∗SξA exp(−2iωV t),
DLS(t) = − 12 |g|2t2ξLξS exp [−i (ωL + ωS) t] ,
DLA(t) = − 12 |χ|2t2ξLξA exp [−i (ωL + ωA) t] ,
DLV (t) =
[
iχtξA − 12
(|g|2 + |χ|2) t2ξLξV ] exp [−i (ωL + ωV ) t] ,
DSA(t) = − 12gχ∗t2ξ2L exp [−i (ωS + ωA) t] ,
DSV (t) =
(
igtξL − 12 |g|2t2ξSξV − gχt2ξAξ∗V
)
exp [−i (ωS + ωV ) t] ,
DAV (t) = − 12 |χ|2t2ξAξV exp [−i (ωA + ωV ) t] ,
D¯LS(t) = − 12gχ∗t2ξLξ∗A exp [i (ωL − ωS) t] ,
(3)
all other D¯jk = 0; ξj , j = L, S,A, V are initial coherent complex amplitudes. As the above characteristic function is
Gaussian consequently (3) can be used to obtain normal fluctuation quantities (variances)
〈
(∆Wj)
2
〉
N
and 〈∆Wj∆Wk〉N ,
which are defined as [3]: 〈
(∆Wj)
2
〉
N
=
〈
a†2j (t)a
2
j (t)
〉
− 〈aj(t)aj(t)〉2
=
〈
B2j + |Cj |2 + 2Bj |ξj(t)|2 +
[
Cjξ
∗2
j (t) + c.c.
]〉 (4)
and
〈∆Wj∆Wk〉N =
〈
a†j(t)a
†
k(t)aj(t)ak(t)
〉
−
〈
a†j(t)aj(t)
〉〈
a†k(t)ak(t)
〉
=
〈|Djk|2 + |Djk|2 + [Djkξ∗j (t)ξ∗k(t)− D¯jkξj(t)ξ∗k(t) + c.c.]〉 . (5)
Brackets on the right-hand side in (2, 4 and 5) mean an average over the initial amplitudes. Equations (3)-(5) provide us
with sufficient mathematical framework required for the study of the nonclassical character of stimulated and spontaneous
Raman process. This is so because the criteria for various nonclassical phenomena can be conveniently expressed in terms
of the quantities described in (3)-(5). For example, we may note the criteria for principle squeezing of vacuum fluctuations
in single mode (j) and compound mode (ij), which are [3]:
λj = 1 + 2(Bj − |Cj |) < 1 (6)
and
λij = 1 +Bi +Bj − 2ReD¯ij − |Ci + Cj + 2Dij | < 1 (7)
respectively. From the above two criteria it is clear that (3) provides us sufficient input for analytic study of the principle
squeezing of vacuum fluctuations, both in single modes and in compound modes. Similarly, condition for entanglement is
in general [6]
2
(Kij)± = (Bi ± |Ci|)(Bj ± |Cj |)−
(|Dij | ∓ |D¯ij |)2 < 0, (8)
and condition for sub-shot noise is
Cij = B
2
i +B
2
j + |Ci|2 + |Cj |2 − 2|Dij |2 − 2|D¯ij |2 < 0; (9)
further the condition for nonclassical sum- or difference-variance is〈
(∆Wij)
2
〉
±
=
〈
(∆Wi)
2
〉
N
+
〈
(∆Wj)
2
〉
N
± 〈∆Wj∆Wk〉N < 0. (10)
Present work aims to rigorously investigate the presence of different nonclassicalities in the Raman process in the second
order short-time approximation. To begin with we will discuss intermodal entanglement in the next section. Before
we present our analytic results it is important to note that for the convenience of understanding the process we have
introduced following two scaled quantities: gt = τ and |χ||g| = p. The time evolution of various nonclassical characteristics
can now be expressed with respect to dimensionless quantity gt = τ and the ratio between the Stokes and anti-Stokes
coupling constants p. Further we have used Ij = |ξj |2 for the incident stimulating intensities and the phases of the complex
amplitude ξj = |ξj | exp(φj) are denoted as φj that are combined as
φL − φV − φS = θ2
and
φA − φL − φV = θ1,
where θ2 and θ1 can be visualized as the mismatch phases in Stokes (ωS = ωL − ωV ) and in anti-Stokes (ωA = ωL + ωV )
transitions, respectively. In the following the coupling constants g and χ are assumed to be real.
3 Phonon mode is coherent
In the above discussion, all the modes including the phonon mode are coherent. In such a situation we may investigate
the existence of different kind of nonclassicalities by using (3)-(10). The same is done in the following subsections, where
intermode entanglement, single mode and intermode squeezing, sub-shot noise and variances are studied in detail.
3.1 Intermodal entanglement
Substituting (3) in (8) we obtain
(KLV )+ = (KLV )− = −p2τ2IA = ELV (11)
and
(KSV )+ = (KSV )− = −τ2IL = ESV . (12)
(Kij)± = 0 for all the other cases. Since we are using a second order short-time approximated solution we cannot conclude
anything about the separability of those four modes for which (Kij)± = 0. But we can clearly see that in stimulated
Raman process (where IA 6= 0, IL 6= 0 , IS 6= 0, IV 6= 0 ) the vibration-phonon mode is entangled with the pump-mode
and the Stokes mode and it does not depend on IS and IV . Consequently if we think of a partially spontaneous Raman
process with IA 6= 0, IL 6= 0, IS = 0, IV = 0, then also we will observe both type of photon-phonon entanglement that we
have observed in stimulated Raman process. Interestingly in the completely spontaneous process (where IA = 0, IL 6= 0,
IS = 0, IV = 0) we can also observe entanglement between Stokes mode and phonon mode, but in such situation we
cannot conclude about the separability of the pump mode and the phonon mode.
3.2 Single mode and intermodal squeezing
Substituting (3) in ( 6) and (7) we obtain in the interaction picture reflecting the compensation of exponential function
in (3) in a homodyne detection
λL = 1 + 2pτ
2|ξA|(p|ξA| − |ξS |),
λLA = 1 + p
2τ2|ξA| [|ξA| − (|ξL|+ |ξS |)] ,
λSA = 1 + ILτ
2(1− p),
λAV = 1 + τ
2
(
IL + p
2IA − p2|ξA||ξV | − p|ξS ||ξA|
)
,
λLV = 1 + 2p
2τ2IA + τ
2IL − 2
[
p2τ2IA +
(1+p2)2
4 τ
4ILIV
] 1
2 − 2pτ2|ξS ||ξA|,
≈ 1 + 2p2τ2IA + τ2IL − 2pτIA − 2pτ2|ξS ||ξA|,
λLS = 1 + τ
2
(
p2IA + IL − |ξL||ξS | − p|ξS ||ξA|+ p|ξL||ξA| cos(φL − φA)
)
≈ 1 + τ2IL,
λSV = 1 + 2τ
2IL + p
2τ2IA − 2
[
τ2IL +
(
1
2τ
2|ξS ||ξV |+ pτ2|ξA||ξV |
)2] 12
+ pτ2|ξS ||ξA|
≈ 1 + 2τ2IL + p2τ2IA − 2τ |ξL|+ pτ2|ξS ||ξA|.
(13)
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Figure 1: Variation of λij − 1 with respect to p and gt when |ξL| = 10, |ξA| = 1, |ξS | = 9, |ξV | = 0.01 and φL = φA.
From the above equations one can easily obtain the following conditions:
1. Since |ξS | > |ξA| in general the pump mode is always squeezed if |g| > |χ|, otherwise it is squeezed if p|ξA| < |ξS |,
which is expected to be satisfied in most cases.
2. λLA < 1 in stimulated Raman process if |ξA| < (|ξL|+ |ξS |), which is the natural case. So intermodal squeezing
between pump and anti-Stokes mode can be observed in stimulated Raman process. In spontaneous Raman process
λLA = 1 so squeezing is not observed, but in partial spontaneous Raman process with |ξV | = 0, |ξS | = 0, 0 < |ξA| <
|ξL| squeezing can be observed.
3. λSA < 1 iff p > 1, i.e. if anti-Stokes coupling is stronger than the Stokes coupling. If p > 1 then the intermodal
squeezing in Stokes and anti-Stokes modes is observed for both stimulated and spontaneous Raman processes.
4. For a completely spontaneous process λAV ≈ 1 + τ2IL is always greater than 1. However, also in the stimulated
process the term τ2IL will be dominant. The same is the case for λLS .
5. For a very short time the linear term in λLV would dominate and consequently, during that time λLV ≈ 1− 2pτIA
will be less than unity and consequently squeezing will be observed in stimulated and partially spontaneous process.
6. For a very short time the linear term will dominate in λSV and consequently, during that time λSV ≈ 1−2τ |ξL| < 1
would indicate intermodal squeezing in both stimulated and spontaneous process.
Variation of λij − 1 with respect to p and τ are shown in Fig. 1, which clearly depicts the above observations.
3.3 Sub-shot noise
When we substitute (3) in (9) we find that
CLV = −2p2τ2IA = 2(KLV )± (14)
and
CSV = −2τ2IA = 2(KSV )± (15)
and Cij = 0 in the remaining four cases. Since in this particular system CLV and CSV are directly proportional to (KLV )±
and (KSV )±, wherever we have seen intermodal entanglement we, can also observe sub-shot noise in those cases.
3.4 Variances
Using (3)-(5) and (10) we can obtain the analytic expressions for intermodal variances in the following forms
4
〈
(∆WAV )
2
〉
+
= 2τ2IV (IL − p|ξS ||ξA| cos(θ1 + θ2)) ,〈
(∆WSA)
2
〉
+
= 2τ2IL (IS − p|ξS ||ξA| cos(θ2 − θ1)) ,〈
(∆WLA)
2
〉
+
= −2pτ2IL|ξS ||ξA| cos(θ2 − θ1),〈
(∆WLS)
2
〉
+
= 2pτ2IL|ξA| (p|ξA|+ |ξS | cos(θ2 − θ1)) ,〈
(∆WLV )
2
〉
+
= 2p2τ2 (3ILIA + 3IAIV + IA − ILIV )
+ 2pτ2|ξS ||ξA| (IL cos(θ2 − θ1) + IV cos(θ1 + θ2)) + 4pτ |ξA||ξL||ξV | cos(θ1),〈
(∆WSV )
2
〉
+
= 2τ2
(
3ILIS + 3ILIV + p
2IAIV + IL − ISIV
)
+ 2pτ2|ξS ||ξA| (2IL cos(θ2 − θ1)− 3IV cos(θ1 + θ2)) + 4τ |ξL||ξS ||ξV | cos(θ2),
(16)
and 〈
(∆WAV )
2
〉
−
= 2τ2IV
(
IL + 2p
2IA − p|ξS ||ξA| cos(θ1 + θ2)
)
,〈
(∆WSA)
2
〉
−
= 2τ2IL (IS + p|ξS ||ξA| cos(θ2 − θ1)) ,〈
(∆WLA)
2
〉
−
= 2pτ2IL (2pIA − |ξS ||ξA| cos(θ2 − θ1)) ,〈
(∆WLS)
2
〉
−
= 2τ2IL
(
p2IA + 2IS − 3p|ξS ||ξA| cos(θ2 − θ1)
)
,〈
(∆WLV )
2
〉
−
= −2p2τ2 (ILIA + IAIV + IA − ILIV ) + 4τ2ILIV
− 6pτ2|ξS ||ξA| (IL cos(θ2 − θ1) + IV cos(θ1 + θ2))− 4pτ |ξA||ξL||ξV | cos(θ1),〈
(∆WSV )
2
〉
−
= −2τ2 (ILIS + ILIV − p2IAIV + IL − ISIV )
− 2pτ2|ξS ||ξA| (2IL cos(θ2 − θ1)− IV cos(θ1 + θ2))− 4τ |ξL||ξS ||ξV | cos(θ2).
(17)
Negativity of intermodal variances
〈
(∆W )2ij
〉
± implies nonclassicality. Analytic expressions for intermodal variances〈
(∆W )2ij
〉
+
and
〈
(∆W )2ij
〉
− for all the possible combinations of modes in the stimulated Raman process are provided in (16)
and (17), respectively. It is difficult to conclude directly about the presence of nonclassicality from these general analytic
expressions of
〈
(∆W )2ij
〉
± . Thus to visualize the existence of nonclassicality we have plotted the analytic expressions
provided in (16) and (17). The plots are given in Fig. 2 and Fig. 3 and it is easy to see that both
〈
(∆W )2ij
〉
+
and〈
(∆W )2ij
〉
− depicts nonclassical behavior for a) pump and phonon mode and b) pump and anti-Stokes mode, c) Stokes
and phonon mode. However for pump and Stokes mode only
〈
(∆W )2LS
〉
+
shows the existence of nonclassicality.
For the chosen values of |ξi| and p we have seen that
〈
(∆W )2SA
〉
± = 2τ
2IL|ξS | (|ξS | ± p|ξA| cos(θ2 − θ1)) > 0 but a
negative value is possible if p|ξA| > |ξS |. Thus a very strong anti-Stokes coupling (compared to Stokes coupling) may yield
nonclassical variance for Stokes and anti-Stokes mode. This is consistent with the appearance of intermodal squeezing
where λAS − 1 = ILτ2(1 − p) is negative only when p > 1, that is when anti-Stokes coupling is stronger than Stokes
coupling.
Now from (17) we can easily observe that for a completely spontaneous Raman process
〈
(∆W )2SV
〉
− = −2τ2IL is
always negative which indicates intermodal nonclassical behavior between phonon mode and Stokes mode. We have
already shown that these two modes show intermodal entanglement, sub-shot noise behavior and squeezing of vacuum
fluctuations in the spontaneous Raman process. Thus as far as the nonclassicalities in spontaneous Raman process are
concerned these two modes play the most important role.
From (16) and (17) we can see that for very small values of rescaled time τ the term linear in τ is expected to dominate
in
〈
(∆W )2LV
〉
± and in
〈
(∆W )2SV
〉
±;
〈
(∆W )2LV
〉
± varies with θ1, which is exhibited in Fig. 4. Further the linear term in〈
(∆W )2SV
〉
+
is very weak and the nonclassical behavior can be seen only for a very small values of τ . This is why in Fig.
2 we have plotted
〈
(∆W )2SV
〉
+
for a very short time only.
4 Phonon mode is chaotic
In this case we perform the average over the initial phonon amplitude in (2) with a Gaussian distribution in the Gaussian
approximation. Assuming that the phonon mode is chaotic with average phonon number 〈nV 〉, then the coefficients in
5
Figure 2: Variation of intermodal variance
〈
(∆W )2ij
〉
+
with respect to gt and θ2 here we have chosen |ξL| = 10, |ξA| = 1,
|ξS | = 9, |ξV | = 0.01, θ1 = pi6 and p = 0.9.
Figure 3: Variation of variance
〈
(∆W )2ij
〉
− with respect to gt and θ2 here we have chosen |ξL| = 10, |ξA| = 1, |ξS | = 9,
|ξV | = 0.01, θ1 = pi6 , and p = 0.9.
Figure 4: Variation of variance
〈
(∆W )2LV
〉
± with respect to θ1 when θ2 =
pi
6 all other parameters are same as in previous
figures.
6
the interaction picture described in (3) get modified as
BL = |χ|2t2|ξA|2 (〈nV 〉+ 1) + |g|2t2|ξS |2〈nV 〉,
BS = |g|2t2|ξL|2 (〈nV 〉+ 1) ,
BA = |χ|2t2|ξL|2〈nV 〉,
BV ≈ 〈nV 〉,
CL = −g∗χt2ξAξS (2〈nV 〉+ 1) ,
CS = 0,
CA = 0,
CV = −gχt2ξ∗SξA,
DLS = − 12 |g|2t2ξLξS (2〈nV 〉+ 1) ,
DLA = − 12 |χ|2t2ξLξA (2〈nV 〉+ 1) ,
DSA = − 12gχ∗t2ξ2L (2〈nV 〉+ 1) ,
DSV = igtξL (〈nV 〉+ 1) ,
DLV = iχtξA (〈nV 〉+ 1) ,
DAV = 0,
D¯LS = −gχ∗t2ξ∗AξL (〈nV 〉+ 1) ,
D¯LA = −gχ∗t2ξ∗SξL〈nV 〉,
D¯SA = 0,
D¯SV = 0,
D¯LV = igtξ
∗
S〈nV 〉,
D¯AV = iχtξ
∗
L〈nV 〉.
(18)
Now using equations (4), (5) and (18) we can obtain for single-mode variances
〈(∆WL)2〉N = 2p2τ2IAIL (〈nV 〉+ 1) + 2τ2ISIL〈nV 〉 − 2pτ2|ξA||ξS |IL (2〈nV 〉+ 1) cos(θ2 − θ1),
〈(∆WS)2〉N = 2τ2ILIS (〈nV 〉+ 1) ,
〈(∆WA)2〉N = 2p2τ2ILIA〈nV 〉,
〈(∆WV )2〉N ≈ 〈nV 〉2,
(19)
and for correlation fluctuations
(∆WL∆WA)N = −τ2p2ILIA (2〈nV 〉+ 1) + 2pτ2IL|ξS ||ξA|〈nV 〉 cos(θ2 − θ1),
(∆WL∆WS)N = −τ2ILIS (2〈nV 〉+ 1) + 2pτ2IL|ξS ||ξA| (〈nV 〉+ 1) cos(θ2 − θ1),
(∆WS∆WA)N = −τ2pIL|ξA||ξS | cos(θ2 − θ1) (2〈nV 〉+ 1) .
(20)
Analytic expressions of the other cross-correlations are not of interest as all variances that involve phonon mode will
always be positive because of the dominance of 〈(∆WV )2〉 ≈ 〈nV 〉2 term. Now substituting equations (18), (19) and
(20) in the criteria of nonclassicalities introduced in (6)-(10) we can investigate the nonclassical character of stimulated
and spontaneous Raman process when the phonon mode is chaotic and then compare the results with the similar results
obtained in the coherent case. This is done in the following subsections.
4.1 Intermodal entanglement
Substituting (18) in (8) we obtain
(KSV )± = −τ2IL (〈nV 〉+ 1) ,
(KLV )± = −p2τ2IA (〈nV 〉+ 1)∓ 2pτ2|ξA||ξS |〈nV 〉 (3〈nV 〉+ 2) .
(21)
All other (Kij)± = 0.
We can conclude:
1. From (21) it is clear that the phonon mode is always entangled with Stokes mode. The same characteristic was also
observed in coherent case but if we consider (KSV )± as a measure of amount of entanglement, then the amount of
entanglement in chaotic case is increased by a factor of (1 + 〈nV 〉) and it is more announced.
2. Similarly the phonon mode can be entangled with the pump mode. It is straightforward to see that (KLV )+ =
−p2τ2IA (〈nV 〉+ 1)− 2pτ2|ξA||ξS |〈nV 〉 ((3〈nV 〉+ 2)) exhibits intermodal entanglement.
3. But interestingly (KLV )− does not show signature of intermodal entanglement.
4. Stokes mode and phonon mode are entangled for completely spontaneous Raman process also but the present
calculation is non-conclusive about entanglement of pump and phonon mode.
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4.2 Single mode and intermodal squeezing
By substituting (18) in (6) and (7) we obtain
λL = 1 + 2τ
2
[
p2IA (〈nV 〉+ 1) + IS〈nV 〉 − p|ξA||ξS | (2〈nV 〉+ 1)
]
,
λLA ≈ 1 + p2τ2|ξL| (|ξL|〈nV 〉 − |ξA| (2〈nV 〉+ 1)) ,
λLS ≈ 1 + τ2|ξL| (|ξL| (〈nV 〉+ 1)− |ξS | (2〈nV 〉+ 1)) ,
λSA = 1 + τ
2IL(1− p) (〈nV 〉+ 1− p〈nV 〉) .
(22)
We see that:
1. Squeezing in the pump laser mode can be observed by approximating |ξA||ξS | >
〈nV 〉
(2〈nV 〉+1) .
2. Intermodal squeezing is not possible when one of the mode is phonon mode as in that case λiV ≈ 1 + 〈nV 〉 > 1.
3. Intermodal squeezing will not be usually observed between pump mode and anti-Stokes mode as λLA < 1 implies
|ξL| < 2|ξA| + |ξA|〈nV 〉 ≈ 2|ξA|. But technically it is allowed and intermodal squeezing between pump mode and
anti-Stokes mode can in principle be seen for stimulated Raman process as well as for partially spontaneous Raman
process (IA 6= 0, IL 6= 0, IS = 0, IV = 0).
4. Intermodal squeezing between pump mode and Stokes mode is possible if |ξL| (〈nV 〉+ 1) < |ξS | (2〈nV 〉+ 1) , i.e. if
|ξL|
|ξS | <
(2〈nV 〉+1)
(〈nV 〉+1) . For 〈nV 〉  1 this condition implies that |ξL| < 2|ξS | and for 〈nV 〉 = 0 it implies |ξL| < |ξS |.
5. To have λSA < 1, we need p =
|χ|
|g| > 1 and (〈nV 〉+ 1) > p〈nV 〉, i.e. |χ||g| < 1+ 1〈nV 〉 . For coherent scattering 〈nV 〉 → 0
and we have the previous condition |χ||g| > 1.
6. Similarly when p < 1 then λSA < 1 implies (p〈nV 〉 − (〈nV 〉+ 1)) > 0⇒ p > 1 + 1〈nV 〉 ⇒ p > 1. Thus the condition
of negativity is not satisfied and we are non-conclusive about the entanglement between Stokes mode and anti-Stokes
mode if p < 1.
4.3 Sub-shot noise
By substituting (18) in (9) we obtain
CAV = 〈nV 〉2
(
1− 2p2τ2IL
)
,
CLV = 〈nV 〉2 − 2p2τ2IA (〈nV 〉+ 1)2 − 2τ2IS〈nV 〉2,
CSV = 〈nV 〉2 − 2τ2IL (〈nV 〉+ 1)2 ,
(23)
and all other Cij = 0. For stimulated Raman process, sub-shot noise is observed in the above three cases. In coherent
case subshot noise behavior was not observed for anti-Stokes and phonon mode. Further, negativity of CAV and CSV will
be observed for spontaneous Raman process too. But in the spontaneous Raman process sub-shot noise behavior will not
be observed for pump and phonon modes. However, we can observe it for partially spontaneous process (〈nV 〉 6= 0, IL 6=
0, IA = 0 and IS = 0.)
4.4 Variances
By substituting (19) and (20) in (10) we obtain
〈(∆W )2SA〉± = 2p2τ2ILIA〈nV 〉+ 2τ2ILIS (〈nV 〉+ 1)
∓ 2τ2pIL|ξA||ξS | cos(θ2 − θ1) (2〈nV 〉+ 1) ,
〈(∆W )2LS〉± = 2p2τ2IAIL (〈nV 〉+ 1) + 2τ2ILIS (2〈nV 〉+ 1) (1∓ 1)
− 2pτ2IL|ξS ||ξA| cos(θ2 − θ1) ((2〈nV 〉+ 1)∓ 2 (〈nV 〉+ 1)) ,
〈(∆W )2LA〉± = 2p2τ2IAIL ((2〈nV 〉+ 1)∓ (〈nV 〉+ 1)) + 2τ2ISIL〈nV 〉
− 2pτ2|ξA||ξS |IL cos(θ2 − θ1) ((2〈nV 〉+ 1)∓ 2〈nV 〉) .
(24)
From (24) we observe following:
1. 〈(∆W )2LS〉+ = 2pτ2|ξA|IL (p|ξA| (〈nV 〉+ 1) + |ξS | cos(θ2 − θ1)). Thus negative variance can be seen for p|ξA| (〈nV 〉+ 1) <
|ξS |. Since |ξA| < |ξS | this nonclassical feature between pump mode and Stokes mode will be observed for small
values of mean phonon number 〈nV 〉.
2. In the analytic expression of 〈(∆W )2AS〉± if we assume IA  IS then we obtain
〈(∆W )2AS〉± = 2τ2IL|ξS | (|ξS | (〈nV 〉+ 1)∓ p|ξA| (2〈nV 〉+ 1) cos(θ2 − θ1))
which would show nonclassicality if p |ξA||ξS | >
〈nV 〉+1
2〈nV 〉+1 . This implies p|ξA| > 12 |ξS | which is inconsistent with the
assumption IA  IS . Thus if IA  IS then we do not observe nonclassical variance in anti-Stokes and Stokes
modes.
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Figure 5: a) Joint photon-phonon number distribution for Stokes and vibration modes (left) and b) Quasi-distribution
of integrated-intensities for the same modes (right). Here BS = 0.1, BL = 0.01, BV = 0.11 and s = 0.7.
3. If we assume IA  IS and consider the complete analytic expression of 〈(∆WAS)2〉±, then the condition p |ξA||ξS | >
〈nV 〉+1
2〈nV 〉+1 will serve as necessary but not sufficient condition of nonclassicality. Now if we assume that for some choice
of p, IA, IS , 〈nV 〉 we observe nonclassical intermodal variance for Stokes and anti-Stokes modes, then we can show
that for that situation 〈(∆WLS)2〉+ will not show nonclassicality. The proof is simple. First we assume that both
〈(∆WLS)2〉+ and 〈(∆WAS)2〉± are negative. Therefore, 1〈nV 〉+1 > p
|ξA|
|ξS | >
〈nV 〉+1
2〈nV 〉+1 , which implies (2〈nV 〉+ 1) >
(〈nV 〉+ 1)2 or 〈nV 〉2 < 0. Thus by reductio ad absurdum we have shown that intermodal nonclassical variance
cannot be seen simultaneously in a) Stokes and anti-Stokes mode and b) Stokes and pump mode.
4. For the compound mode (LA) one could observe sub-shot noise provided that |χ||ξA| > |g||ξS |√2 .
5 Joint photon-phonon number and wave distribution
We can illustrate the above results for nonclassical behavior of modes in Raman scattering by joint photon-phonon number
and integrated-intensity distributions along the lines given in [6] (and references therein) in Gaussian approximation.
For simplicity we consider scattering by phonon vacuum (in optical region and for room temperature 〈nV 〉 ≈ 0) for
compound modes (SV ) and (LV ), which exhibit quantum entanglement up to the second order in t. From (3) we see
that KSV = −BS = −BV = −|g|2t2IL provided that we consider spontaneous scattering (IA = IS = 0; in this case
CS = CV = D¯SV = 0). In principle we can also consider partially stimulated scattering with IS 6= 0, when using shifted
distributions in WS along IS [7] to adopt spontaneous process. Thus KSV +BS = KSV +BV = 0 and from the formulae
given in [6] we obtain the joint photon-phonon number distribution
p(nS , nV ) =
(BS)
nS
(1 +BS)1+nS
δnS ,nV , (25)
i.e. it is diagonal expressing a pairwise structure of photon-phonon process in this case. It is shown in Fig. 5a. The
corresponding s-order quasidistribution of integrated-intensities is [6]
Ps (WS ,WV ) =
1
piBSs
e
−WS+WV2BSs
sin
(
WS−WV√
−KV S,s
)
WS −WV , (26)
where BSs = BS + 1−s2 and KSV,s = KSV + (1 − s)BS + (1−s)
2
4 ; s is ordering parameter. For the threshold value of the
ordering parameter we have sth = 1+BS +BV −
√
(BS +BV )2 − 4KSV ≈ 1+2BS−2
√
BS . Choosing |g|t = 0.1, IL = 10,
we have sth = 0.57. So we calculate the quasi-distribution for s = 0.7; in this case BS = 0.1, BSs = 0.25, KV S,s = −0.048.
This quasi-distribution is shown in Fig. 5b. It takes on negative values exhibiting nonclassical oscillations and behavior.
Similarly, we can treat the compound mode (LV ) considering again photon vacuum scattering with partial stimulation
IA 6= 0 and IS = 0. Shifting distribution in WL along IL and neglecting short-time terms as above we obtain from
(3), KLV = −|χ|2t2IA = −BL and BV = |g|2t2IL + |χ|2t2IA, i.e. KLV + BL = 0 and KLV + BV = |g|2t2IL > 0
(CL = CV = D¯LV = 0). Thus for the joint photon-phonon number distribution [6] we obtain
p(nL, nV ) =
nV !
nL!(nV − nL)!
(BV +KLV )
nV −nL
(1 +BnV )nV +1
, nV ≥ nL. (27)
For nV < nL, the distribution is zero. Its quantum behavior is illustrated in Fig. 6a, showing one-side behavior along the
diagonal compared to the earlier cases [7]. For the threshold values of the ordering parameter we have sth ≈ 1 + |g|2t2IL−
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Figure 7: Conditional Fano factor FV,C for phonon mode shows nonclassical behavior as FV,C < 1. Here BV = 0.11 and
BL = 0.01, KLV = −0.01.
2|χ|t√IA. Assuming for simplicity |χ| = |g|, IA = 1 and IL = 10, we have sth = 0.9 and nonclassical behavior of wave
quasi-distribution is illustrated by the Glauber-Sudarshan quasi-distribution of integrated-intensities for s = 1:
PN (WL,WV ) =
1
pi
√
BLBV
e
− WL2BL−
WV
2BV
sin
[√
BV
BL
WL−
√
BL
BV
WV√
BL
]
√
BV
BL
WL −
√
BL
BV
WV
, (28)
as shown in Fig. 6b. The existence of nonclassical character is clearly visible through the negative values of PN (WL,WV ).
6 Difference and conditional number distributions
In this section we can further illustrate the observed nonclassicalities via difference and conditional number distributions.
For example, nonclassical character associated with a mode can be illustrated using conditional Fano factor, which is
defined as
Fi,C =
〈
(∆ni)
2
〉
C
〈ni〉 ,
for mode i. Corresponding condition for nonclassicality is Fi,C < 1. Analytic expressions for conditional Fano factor are
obtained here for modes of interest (i.e. for FL,C and FV,C) as follows:
FL,C = 1− BL
BV
, (29)
and
FV,C =
(nL + 1)
(
1+BV
1+BL
)2
− 1
(nL + 1)
(
1+BV
1+BL
)
− 1
− 1. (30)
It is now easy to observe from (3) that BL and BV are always positive, consequently the conditional Fano factor FL,C is
always less than unity. Thus conditional Fano factor always depicts nonclassicality in pump mode. However, in phonon
mode the presence of nonclassicality (i.e. FV,C < 1) is not directly visible from the expression, but the same is shown in
the Fig. 7.
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The corresponding number distributions are obtained as
pC (nL;nV ) =
nV !
nL!(nV −nL)!
(
1− BLBV
)nV (
BL
BV −BL
)nL
,
pC (nV ;nL) =
nV !
nL!(nV −nL)!
1+BL
1+BV
(
BV −BL
1+BV
)nV (
1+BL
BV −BL
)nL
.
(31)
These conditional number distributions are plotted in the Fig. 8. Difference number distribution can be obtained as
p−(n) =
(BV −BL)n
(1 +BV −BL)n+1
, (32)
〈(∆n)2〉− = (BV −BL) (1 +BV −BL)
and Poissonian distribution for the same two modes is
pPois(n) =
(BV +BL)
n
n!
e−(BV +BL). (33)
A joint plot of p−(n) and ppois(n) is provided in Fig. 9, which clearly shows subpoissonian character in p−(n). Thus
a nonclassical difference number distribution is observed. For the sub-shot noise parameter R = 〈(∆nij)
2〉
(〈ni〉+〈nj〉) we have
R ≈ 1− 2BLBL+BV = 0.83 < 1.
7 Conclusion
We have observed different type of nonclassicalities in the stimulated, completely spontaneous and partially spontaneous
Raman process. The observations that are discussed in detail in Section 3.1 are summarized in Table 1 for coherent
scattering. We see that in general various nonclassical features of the process can or cannot be directly related, only
for combined modes (LV ) and (SV ) all of them occurs simultaneously. We have not restricted ourselves to the study of
coherent scattering alone. In Section 4 we have investigated various nonclassical characters of Raman process when the
phonon mode is chaotic. Finally we have illustrated our results by joint photon-phonon number and wave distributions.
11
Mode Eij λij Cij
〈
(∆Wij)
2
〉
−
〈
(∆Wij)
2
〉
+
(Kij)+ (Kij)−
AV non-
conclusive
>1 non-
conclusive
+ve +ve non-
conclusive
non-
conclusive
AL non-
conclusive
<1 if
IL > IA
(expected)
non-
conclusive
-ve region
exists
-ve region
exists
non-
conclusive
non-
conclusive
AS non-
conclusive
<1 if
|χ| > |g|
non-
conclusive
+ve +ve non-
conclusive
non-
conclusive
LS non-
conclusive
>1 non-
conclusive
+ve -ve region
exists
non-
conclusive
non-
conclusive
LV always
-ve
< for short
time
always
-ve
-ve region
exists
-ve region
exists
always
-ve
always
-ve
SV always
-ve
< for short
time
always
-ve
-ve -ve always
-ve
always
-ve
Table 1: Negativity of different characteristics of nonclassicality. Here we have used Eij = BiBj − |D¯ij |2, λij = 1 +Bi +
Bj − 2ReD¯ij − |Ci + Cj + 2Dij | < 1, Cij = B2i + B2j + |Ci|2 + |Cj |2 − 2|Dij |2 − 2|D¯ij |2 < 0, (Kij)± = (Bi ± |Ci|)(Bj ±
|Cj |)−
(|Dij | ∓ |D¯ij |)2 .
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